Abstract. We prove that for the spectral radius of a weighted composition operator aTα, acting in the space L p (X, B, µ), the following variational principle holds:
1
α,e is the set of all α-invariant ergodic probability measures on X, and a : X → R is a continuous and B∞-measurable function, where B∞ = T ∞ n=0 α −n (B). This considerably extends the range of validity of the above formula, which was previously known in the case when α is a homeomorphism.
1. Introduction. The spectral radius is an important characteristic of bounded operators. For many classes of operators it is an object of independent interest. It turns out that for weighted composition operators the logarithm of the spectral radius (the spectral exponent) convexly depends on the logarithms of their weights.
First we briefly recall some known results. Let X be a Hausdorff compact space with Borel measure µ and α : X → X be a continuous mapping preserving µ (i.e. µ • α −1 = µ). The operator T α f = f • α is a linear isometry in L p (X, µ), 1 ≤ p ≤ ∞. Let a be a continuous function on X. Under the assumptions that α is a homeomorphism and supp µ = X, for the spectral radius r(aT α ) of the weighted composition operator
the following formula holds:
where M 1 α,e is the set of all α-invariant ergodic probability measures on X. The above formula was originally pointed out by Antonevich and proved in a number of concrete situations for example in [2, 3] . In the general form (for every homeomorphism α) the formula was independently established by Kitover [10] and Lebedev [14] .
If α is not invertible, then in C(X) we have the same formula, while the case of L p (X, µ) is more complicated. If α is a Markov shift then Stepin and Latushkin [12, 13] have obtained the formula ln r(aT α ) = sup
where h α is the metric entropy and ρ is a certain function defined in terms of the map α.
In the general case of an arbitrary continuous and noninvertible map α Antonevich, Bakhtin and Lebedev constructed a functional τ α , called Tentropy, on the set M 1 α of α-invariant probability measures such that
For an α-invariant probability measure ν the T -entropy is defined as follows:
Here D denotes a continuous partition of unity on X and E α n is the conditional expectation operator with respect to the σ-algebra generated by α n . The above result was announced in [6, 5] and its proof can be found in [7] . Notice the functional τ α is nonnegative, convex and lower semicontinuous on M 1 α . For positive a ∈ C(X) let ϕ = ln a. Then the functional λ(ϕ) = ln r(e ϕ T α ) is continuous and convex on C(X) (see [7] ). The formula (1.2) means that λ is the Legendre-Fenchel transform of the function τ α /p, i.e. λ * = τ α /p and its effective domain D(λ * ) is contained in M 1 α . In this paper we prove that formula (1.1) holds in a more general setting, namely when the weight a is continuous and B ∞ -measurable, where
and B is the σ-field of Borel subsets of X. For any homeomorphism α the σ-fields B ∞ and B coincide and any continuous a is also B ∞ -measurable.
Legendre-Fenchel transform.
The definition of the LegendreFenchel transform and its properties can be found for instance in [9] . Let f be a functional on a real locally convex Hausdorff space L with values inR = [−∞, +∞]. The set {ϕ ∈ L : f (ϕ) < +∞} is called the effective domain of the functional f . Let L * be the dual space to L. The functional f * : L * →R defined on the dual space by
is called the Legendre-Fenchel transform of f (or the convex conjugate of f ). The Legendre-Fenchel transform of f * is the functional on the initial space given by the similar formula:
Notice that f * is convex and lower semicontinuous with respect to the weak- * topology on the dual space. Moreover, if f : L → (−∞, +∞] is not identically equal to +∞ and is convex and lower semicontinuous then f * * = f , i.e. the Legendre-Fenchel transform is involutory. It will be important for us to compare the Legendre-Fenchel transform on the initial space L to itself defined on some subspace W ⊂ L. Elements of W * can be considered as equivalence classes of the following relation in L * :
The connection between f * and f * is given below.
Theorem 2.1. Let L be a locally convex Hausdorff space and f : L → (−∞, +∞] be a convex and lower semicontinuous functional not identically equal to +∞. Let W be a linear subspace of L and set f | W = f . Suppose that the effective domain D(f * ) is weak- * compact. Then
If ϕ ∈ W then f (ϕ) = f (ϕ) and µ, ϕ = [µ], ϕ , so the above equality can be rewritten as 
f (tµ + (1 − t)µ).
Now we prove that inf
≤ c} is closed in the quotient topology for all c ∈ R. Because f * is lower semicontinuous in the weak- * topology, for every c ∈ R the set D c = {µ ∈ L * : f * (µ) ≤ c} is weak- * compact as a closed subset of the compact effective domain D(f * ). 
3. Spectral radius of weighted composition operators. Calculating the spectral radius of operators we need to find the norm of their nth powers. For f in L p (X, µ) we have
Since supp µ = X we have
This leads to formula (1.2) on the spectral radius of aT α (see [4, 5] ).
It turns out that the conjugate to T α is the Perron-Frobenius operator P α (see [11] ) defined as follows:
for f in L p (X, µ), 1 ≤ p ≤ ∞ and µ σ-finite. Let α −1 (B) denote the σ-algebra {α −1 (A) : A ∈ B}. Notice that the α-invariance of µ implies
the composition T α P α is the conditional expectation operator E(· | α) with respect to the σ-algebra α −1 (B) (see [8] ). By properties of E(· | α) and α-invariance of µ we infer that for f ∈ L p (X, µ) and g ∈ L q (X, µ) (p, q are conjugate exponents),
This proves that P α coincides with T * α . Moreover P α is a left inverse to T α since
Example 3.1. Let X = R/Z [0, 1), α(x) = nx (mod 1) and let µ be the Lebesgue measure on X. Obviously µ is α-invariant. In this case the Perron-Frobenius operator has the form
where β i (x) = (1/n)x + i/n. Notice that each T β i is a left inverse to T α but the left inverse which is conjugate to T α has exactly the above form.
The proof of (1.1) for α a homeomorphism is based on the identity
. Now we will show that for α noninvertible, under some assumption on the weight a, the above formula still holds. In other words we exhibit a more general setting under which the spectral radius of the weighted composition operator is expressed by (1.1) . By the α-invariance of µ and properties of P α we can express (3.1) as
To obtain (3.3) we should answer when E(
By properties of the conditional expectation this holds when the function
Let B denote the Borel σ-algebra, B ∞ the σ-algebra
, and C(X, B ∞ ) the space of all B ∞ -measurable and continuous functions on X. If a is B ∞ -measurable then so is a • α i , and hence
measurable for every n. In this way we obtain Theorem 3.2. Let α : X → X be a continuous mapping preserving a measure µ on X and a ∈ C(X, B ∞ ). Then for the spectral radius of the weighted composition operator aT α acting in L p (X, B, µ) the following variational principle holds: ln r(aT α ) = max α,e is the set of all α-invariant ergodic probability measures on X. Remark 3.3. Notice that if α is a homeomorphism of X then B ∞ = B and C(X, B ∞ ) = C(X). In this case (1.1) holds for any continuous weight a. In this sense the above theorem is a generalization of the result obtained earlier by Antonevich, Kitover and Lebedev. 
